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AbslracL We calculate the Helmholtz free energies of the liquid alkali metals at various 
temperatures and thme of several polyvalent metals (Mg, Cd, AI, In, TI and Pb) near 
freezing, using the variational approach bawd on the Gibbs-Bogoliubov inequality in 
conjunction with the charged-hardsphere reference fluid and with ab inPw non-lwl  
pseudopotentials for the electron-ion interactions. The reference fluid intrcduces two 
variational parameters. i.e. the plasma coupling strength r and the packing fraction 
q ,  and is treated by a thermodynamically self-mnsistent approach which reduces 10 a 
highly accurate description of the one-component classical plasma for q = 0 and of 
the neutral-hard-sphere fluid for r = 0. For the alkali metals near freezing the free 
energy shows two competing minima as a function of these parameters, the first lying 
at q E: 0.42 and E: 120 and the semnd near q E: 0.05 and E: 150. The 
latter minimum provides the lowest variational b u n d  Lo the free energy in all cases. 
A moderate increase in temperature shifts the absolute minimum of the Cree energy to 
q = 0 and remove the secondary minimum. Our results for the alkalis thus confirm the 
variational justification for a plasma-like viewpoint and also the good accuracy of such a 
description in comparison with experimental data on the liquid stmcture factor and on 
the excess entropy near freaing. For polyvalent metals the effective ion-ion potenlial in 
the region of the first-neighbour distance may show either a relatively deep attractive well 
or a soft-repulsion hump followed by a shallow minimum, depending on the eleclmnic 
screening function used in its construction. However, the free-energy contours in the ( q ,  
T) plane are found to be quite insensitive to such differences in the pair potenlial shape, 
The relevant free-energy minima mostly lie near q E: 0.42 and r E: 30 and near q = 0 
and r tr_ 160. The free-energy differences bemeen these minima, though very small, 
favour a plasma-like viewpoint for all the polyvalent metals that we have considered, 
except for AI. Both minima in the free energy lead to reasonable agreement with the 
available data on the excess entropy and the liquid structure factor. It thus appears that 
a plasma-like viewpoint and a hard-sphere viewpoint are similarly justifiable and useful 
for simple poiyvalent metals 

1. Introduction 

A widely used approach to determining the thermodynamic and structural proper- 
ties of liquid metals is based on the Gibbs-Bogoliubov inequality, stating that the 
Helmholtz free energy is bounded from above by the sum of (i) the free energy 
of a reference system, and (ii) the difference in mean potential energy between the 
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actual system and the reference system as evaluated on the distribution function Of 
the latter [I]. Both the entropy and the structure factor of the liquid metal are, in 
this approach, those of the reference fluid at the variationally optimized values of its 
parameters. The main usefulness of the method lies in providing a relatively simple 
and direct variational estimate of the free energy of the liquid metal from a reason- 
ably appropriate choice of the reference fluid. This thermodynamic function is not 
readily accessible by integral equations or computer simulation techniques, owing, in 
particular, to the dependence of the effective ion-ion potential on density. 

The early work in this area adopted as a reference the fluid of neutral hard spheres 
(ms), which is described by the packing fraction parameter q = 7 r p 2 / 6 ,  with p the 
atom number density and n the hard sphere diameter [2-4]. Its free energy is available 
analytically as a fit to simulation data [5] and its structure factor as analytically given 
by the Percus-Yevick (PY) approximation is in qualitative accord with experiment 
for many liquid metals [6]. Subsequent work proposed the one-component classical 
plasma (OCP) of point charges on a uniform neutralizing background as an alternative 
reference fluid, especially suited for the alkali mctals [7-lo]. The OCP is described 
by the coupling strength parameter r = Zaea / (akB7’ ) ,  2 being the ionic valence 
and a = ( 4 7 r ~ / 3 ) - ’ / ~  the ion sphere radius, and its properties are known with high 
precision from computer simulation 111, 121. Mon er a/ [13] comparatively discussed 
the merits of the NHS and OCP reference systems for liquid Na as a paradigm of 
the alkali metals and of liquid Al as a paradigm of polyvalent simple metals. Their 
calculations adopted the PY structure factor for the NHS and the hypernetted chain 
(HNC) approximation for the OCP. Using the empty-core pseudopotential and taking 
into account exchange and conelation in its screening by the conduction electrons, 
they concluded that the OCP gives a lower variational bound to the free energy 
and a better account of the liquid structure factor for Na. whereas AI is better 
described by the NNS reference system. This result has been taken to imply a real 
distinction between monovalent and polyvalent mctals, which would be associated 
with the greater stiEness of the repulsive ionic cores in the latter. 

Naturally enough, in the more recent literature, the one-component classical fluid 
of charged hard spheres (CHS) on a uniform neutralizing background has bcen exten- 
sively adopted as the reference system for liquid metals [14-231. The CHS is described 
by the two parameters q and r and allows an effective interpolation bctween the NHS 
and the OCP, provided that its thermodynamic and structural properties are deter- 
mined with sufficient accuracy. Work on liquid metals has generally made use of the 
analytic solution given for the ms by Palmer and Week [24] in the mean spherical 
approximation (MSA), although some authors 119, 20, 221 have drawn attention to 
the limitations of the MsA solution with special regard to its lack of internal ther- 
modynamic consistency in the values of the compressibility from the free energy, 
from the vinal theorem, and from fluctuation theory. It has been reported [22] that 
starting from the NHS reference system and taking advantage of the two variational 
parameters inherent in the CNS leads to only limited improvement in the calculatcd 
thermodynamic functions for liquid alkali metals, unless some approximate account 
is taken of the requirement of thermodynamic consistency for the cHS. Moreover, 
the MSA is grossly wrong in the region of low q and large r, i.e. on the approach to 
thc OCP reference system, since in this region it yields negative values for the radial 
distribution function near contact 

The aim of the present work is to examine in precise detail the merits of the CHS 
as a reference fluid interpolating between the NHS and the OCP, both for the alkalis 
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and for a number of polyvalent simple metals. TO this end we use a very accurate 
description of the CHS, following recent work by some of us [Z] which has developed 
alternative ways of enforcing thermodynamic consistency in the statistical mechanical 
theory of this model fluid and has shown that the results account for computer 
simulation data by Hanscn and Weis [26] on the internal energy and the radial 
distribution function. Specifically, we adopt a modified hypernetted chain (MHNC) 
approximation, as originally proposed by Rosenfeld and Ashcroft [27, in which we 
construct the bridge function for the CHS from the results of Verlet and Weis 1281 and 
Henderson and Grundke [29] for the NHS. Thus, in the limit r = 0 our treatment of 
the CHS reduces to a very accurate description of the thermodynamic and structural 
properties of the NHS, yielding in particular the Carnahan-Starlig equation of state. 
We also find that in the limit q = 0 our results are in very close agreement with the 
most accurate computer simulation data presently available for the oCP [12]. The 
possibility of describing the OCP by an MHNC treatment involving an N H S - k  bridge 
function was first demonstrated by Rosenfeld and Ashcroft [27], using PY results for 
the NHS correlation functions. 

The effective ion-ion interactions in the liquid metal are also treated in the present 
work at a comparable level of sophistication. We use the modified generalized non- 
local model pseudopotential (GNMP) of Li et ai [30], the reliability of which has already 
been demonstrated in a number of other recent calculations of metallic properties. 
For metals in which the electron-ion interactions are especially strong, i.e. in Li and 
polyvalent metals, Li et a1 130, 311 have made various efforts to incorporate higher- 
order perturbation effects in the GNMP, so our results transcend to some extent 
the usual low-order perturbation theory. As for the electronic screening functions, 
we have adopted the well established form of the exchange and correlation factor 
due to Sigwi ei a1 for the alkalis [32]. For polyvalent metals, on the other hand, 
different screening functions may yield qualitatively different shapes for the effective 
ion-ion potential in the region of the first-neighbour distance. We have accordingly 
adopted two alternative forms for the exchange and correlation factors for these 
metals, considering in addition to that of Singwi et al the form due to Ichimaru and 
Utsumi 1331. 

The layout of the paper is briefly as follows. In section 2 we summarize the 
essential aspects of the theory and give some details of our treatment of the CHS 
reference system, leading to a tabulation of its excess energy and entropy as functions 
of q and r. In section 3 we report and discuss our numerical results for the alkali 
metals near freezing and at a few somewhat higher temperatures, while in section 4 
we present our results for the polyvalent metals Mg, Cd, AI, In, TI and Pb near 
freezing. Finally, in section 5 we summarize our main conclusions. 

2. Theory 

In this section we summarily present the main expressions and CHS results that will 
be needed in our calculations for liquid metals. Adopting the cHS reference system 
and the GNMP, the free energy of the liquid metal as a function of q and r is written 
as 
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Here, EEG is the ground state energy of the degenerak electron gas, Fd is the non- 
local contribution arising from the deviation of the electron-ion pseudopotential from 
a purely Coulombic form, G c ( q )  is the normalized energy-wavenumber character- 

depletion charge density. The explicit form of these quantities can be found in [4] 
and is therefore not given here. The other quantities in (1) are the structure factor 
ScHs(q )  of the CHS, its excess free energy FrHs and excess internal energy U&, 
and the free energy FNHs of the ms, which in the CarnahanStarling equation of 
state is given by 

istic, and Z,, = (2' - p i ) 1  7 2, 2 and pd being the nominal ionic valence and the 

FNHS = F i ~ + l c , T ? 7 ( 4 - 3 ~ ) / ( 1 - ? 7 ) '  (2) 

qd being the free energy of the ideal classical gas, The expression (1) is minimized 
with respect to 7 and r, in order to obtain a variational upper bound to the free 
energy of the liquid metal at a given temperature and density. 

and r' is evaluated in the MHNC [q. We 
use the exact equations 

The structure of the CHS at a given 

h ( r )  = c ( r )  + p dT'c(JT - ~ ' l ) h ( r ' )  (3) J 
and 

Y(V) = exp[-P+c(.)  + h(r )  - d.1 - -b(T)I  (4) 

where g ( r )  and h ( r )  = g ( T )  - 1 are the radial distribution function and the pair 
correlation function, C(T) is the Ornstcin-Zernikc direct correlation function, y(r) = 
g(r) e x p [ P + , ( r ) ]  with &(r)  the hard sphere potential and = (!cB?')-', P&(r) = 
r a / r  and b ( r )  is the bridge function. The latter is approximately evaluated from 
the expressions 

(5) 
b ( r )  = -1 - C V W ( ~ )  - In { s ~ d ~ ) e x ~ ~ P # ~ ( ~ ) l l  ( T  < a) 

( r  > U ) .  = hvw(T) - cvw( r )  - lngvw(T) 

Here, gvw(r)  and cvw( r )  are the Verlet-Weis results for the radial distribution 
function and the direct correlation function of the NHS at a packing fraction $, 
which is determined by the requirement of consistency for the compressibility from 
the vinal theorem and from fluctuation theory. In solving the combined equations 
(3)-(5) in conjunction with the requirement of thermodynamic consistency, we have 
used the numerical algorithm developed by Gillan and Abernethy 134, 351, with 2049 
mesh points and a grid size Ar = 0.025a. We have also taken account of the density 
dependence of the bridge function. Our results are therefore slightly more accurate 
than those obtained earlier [25] in the same approach. 

The excess internal energy per particle of the CHS is given by 

(6) 
1 Puss = p r / d r  :[gcas(r) - 11 

and its excess free energy follows from this by integration over the coupling strength r. 
In carrying out the integration over I? we have followed the method first suggested 
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Table 1. Exoess internal energy -pU& of the fluid of charged hard spheres as a 
function of the parameters l? and 9. 

6177 

6 
10 
15 
20 
30 
40 
50 
60 
70 
80 
90 
100 
120 
160 
200 
220 
250 

0 0.2 

0 0 
1.3228 1.5571 
2.9333 3.1848 
45982 4.8415 
8.w60 8.m6 
12.3’23 12.480 
16.672 16.795 
25.441 25.504 
34.254 34.283 
43.093 43.103 
51.935 51.945 
60.808 60.8U 
69.692 69.694 
78572 78.580 
87.484 87.486 
105.29 105.29 
140.99 140.99 
176.69 176.69 . 
194.59 194.59 
221.40 221.40 

0.343 0.4 0.425 

0 0 0 
1.6741 1.7070 1.7190 
3.3687 3.4255 3.4474 
5.0741 5.1502 5.1807 
8.5056 8.6128 8.6562 
12817 12.957 13.016 
17.155 17.316 17.384 
25.860 26.058 26.152 
34.613 34.830 34.936 
43.387 43.625 43.735 
52195 52428 52.561 
61.011 61.244 61395 
69.861 70.085 70.230 
78.716 78.932 79.078 
87.575 87.778 87.935 
105.36 105.50 105.71 
140.99 141.05 141.27 
176.69 176.71 176.90 
194.56 194.50 194.72 
221.35 221.34 221.60 

0.45 0.475 

0 0 
1.7268 1.7375 
3.4610 3.4802 
5.1995 5.2258 
8.6860 8.7243 
13.054 13.109 
17.436 17.499 
26.221 26.304 
35.0% 35.127 
43.843 43.959 
52.683 52802 
61.532 61.655 
70.404 70.514 
79.274 79.403 
88.140 88.285 
105.89 106.08 
141.51 141.67 
177.13 177.43 
194.99 195.31 
221.82 22207 

0.50 

0 
1.7436 
3.4913 
5.2414 
8.7466 
13.136 
17.533 
26.350 
35.182 
44.0% 
52885 
61.747 
70.613 
79.489 
88.379 
1oh.19 
141.89 
177.55 
195.40 
22226 

by Hansen 1361 for the OCP, which involves using a very fine integration mesh in 
the range 0 < l? < 1 and a coarser mesh at larger r. Our numerical results for 
the excess internal energy and excess entropy of the CHS are reported in tables 1 
and 2, respectively. Interpolation between the values given in the tables can be 
effected rather accurately by a three-point divided difference method, as confirmed 
by comparison with the recent simulation data of Penfold er a1 [37] at 1) = 0.4 and 

There is excellent agreement between our results shown in table 1 and the simu- 
lation data on the excess energy of the CHS as reported by Hansen and Weis [26] 
at a few values of 1) and r in the range of parameters of interest here. Of course, 
the comparison with simulation data cannot be a test of our results to the number 
of significant digits that we have given. As we shall see, the free energy needs to be 
calculated to at least four significant digits for a comparative variational assessment 
of different reference systems. 

The properties of the OCP limit at 17 = 0, as known from computer simulation, 
have not been built in any way into our description of the CHS. Comparison of our 
results with the ocP data of DeWitt et a1 [12] shows agreement for the excess internal 
energy to four significant digits and for the excess entropy to the second decimal 
figure. The values of the OCP free energy from simulation are in fact slightly lower 
than those obtained from the present treatment. 

IOW r. 

3. Results for the alkali metals 

3.1. Thermodynamic and sfructural properties near freezing 

Figure 1 shows the contours of the free energy in the (71, r) plane for liquid Na 
near freezing (at T = 373 K). The separation between neighbouring contour lines 
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Tabk 2. Excess entropy -S&, fke  of the fluid of charged hard spheres as a function 
of the parameters r and q .  

0.2 0.343 0.4 0.475 0.45 0.475 0.50 
, , ,,.I . , , i  , U b ! , # ,  .,'I:.:. :: , , , ,  , , , :  

o 

0 0 1.062 2361 3.111 3.503 3.942 4.438 5.000 
2 0.264 1.086 2367 3.115 3.506 3.944 4.439 5.001 
4 0.474 1,138 2 3 2  3.123 3.513 3.950 4.443 5.004 
6 0.636 1.191 2.W 3.133 3.521 3.956 4.448 5M)8 

10 0.902 1.300 2.438 3.156 3538 3.972 4.459 5.017 
15 1.158 1.437 2487 3.187 3.564 3.993 4.478 5.030 
20 1.367 1.572 2543 3.222 3.590 4.020 4.495 5.046 
30 1.720 1.828 2.648 3.292 3.652 4.075 4.542 5.088 

50 2.255 2291 2873 3.445 3.768 4.185 4.635 5.176 
60 2459 2494 2992 3.516 3.841 4.251 4.681 5.223 
70 2.660 2689 3.101 3.588 3.909 4.313 4.730 5.267 

40 2.00s 2.069 ~ 7 6 4  3.366 3.709 4.132 4.589 5.130 

80 2.844 2870 3.226 3.674 3.969 4.390 4.778 5,309 
90 3.002 3.034 3.341 3.755 4.035 4.456 4.848 5.355 
100 3.175 3.200 3.448 3.828 4.102 4.511 4.905 5.411 
120 3.457 3.479 3.691 3.981 4.275 4.621 5.027 5.534 
160 3.977 3.999 4.141 4311 4.551 4.903 5.229 5.798 
200 4.390 4.413 4.544 4.665 4.832 5.122 . 5.540 5,966 
220 4.606 4.627 4.735 4.780 4.957 5.%6 5.674 6.055 
250 4.862 4.885 4.978 5.085 5.266 5.487 5.787 6.257 

corresponds to A F  = 1 x au. The free energy has two very broad minima, 
the first located at 11 = 0.047 and r = 151 and the second at 11 = 0.424 and 
r = 123. The free energy a t  the first minimum is deeper by 3 x au and is 
almost indistinguishable from the free energy that we obtain with the OCP reference 
system, i.e. by searching for a minimum along the 11 = 0 axis. The secondary CHS 
minimum, on the other hand, is well separated both in its location and in its free 
energy value from the NHS results, which are obtained by searching for a minimum 
along the r = 0 axis. We also remark that (i) our free energy value at the secondary 
CAS minimum is lower than that obtained in earlier calculations based on thc MSA 
[22], and (ii) the absolute CHS minimum lies in the region of where the MSA is 
completely unreliable and therefore its presence is a consequence of our accurate 
treatment of the CHS reference system. 

The above results for Na are typical of those obtained for all the alkali metals near 
freezing, as reported in table 3. In all cases we find that the absolute minimum of the 
free energy lies very close to the OCP. The variationally optimized values of r, though 
appreciably higher than those obtained in previous calculations, are still significantly 
lower than the value e 2 / ( a k , T )  that one would calculate from the nominal ionic 
valence and the thermodynamic state of the metal. This quantity ranges from 181 for 
Cs to 209 for Li. 

In table 3 we also compare our results for the free energy F, the internal energy 
U and the excess entropy s of each liquid alkali with experimental data [22, 231. 
There is complete agreement with experiment for the free energies of Na, K and Rb, 
while for Li and Cs the discrepancy between theory and experiment is at the level of 
1 x au. We notice that the differences in the theoretical results obtained for 
F with different reference systems are of this same magnitude. In partitioning the 
calculated free energy into its internal energy and entropy contributions, however, 
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0.5 

0.4 

0.3  

0.2 

0.1 

0.0 
/ I l l  I I \ b 

, ' ,  

150 200 

Feure L Freeenergy mntoum for liquid Na at T = 373 K in the (q.  r) plane for 
r >, 20. The separation between neighbouring contour lines corresponds to A F  = 
1 x io-' a". 

Table 3. Location of free energy minima in the (q ,  r) plane for the alkali metals near 
freezing, and corresponding values of the Helmholtz free energy F, the internal energy 
U and the excess enlropy s, compared with experimental values. Assumed valueS of q 
or r, comsponding to a one-dimensional minimization along the appropriate coordinate 
axis, are marked with asterisks. 

n r -F(au) -FeXp(au) -U(au) -V,,,(au) -s/ka - sexpiks  

Li 0' 16a 0.2660 0.265 0.2584 d.254 3.98 3.7. 3.54 
0.052 
0.425 
0.467 

Na 0' 
0.047 
0.424 
0.438 

K 0. 
0.054 
0.423 
0.438 

Rb 0' 
0.051 
0.418 
0.435 

cs 0. 
0.050 
0.416 
0.441 

16a 0.2660 
138 0.2656 
0' 0.2647 

153 0.2357 0.236 
151 0.2358 
123 0.2355 
0. 0.2349 

145 0.2011 0.201 
144 0.2011 
121 0.2W8 
0' 0 . m  

138 0.1929 0.193 
135 0.1929 
120 0.1926 
0' 0.1922 

145 0.1810 0.182 
143 0.1811 
120 0.1808 
0' 0.1803 

0.2584 
0.2586 
0.2575 

0.2271 
0.2271 
0.2273 
0.2261 

0.1918 
0.1918 
0.1921 
0.1910 

0.1829 
0.1829 
0.1831 
0.1822 

0.1707 
0.1707 
0,1708 
0.1700 

r 
3.99 
4.41 
4.27 

0.232 3.89 3.45 
3.88 
4.29 
3.72 

0.1956 3.80 3.45 
3.80 
4.25 
3.72 

0.1870 3.71 3.63 
3.68 
4.18 
3.67 

0,1757 3.79 3.56 
3.79 
4.16 
3.78 

the results are not of a similarly high accuracy when compared with the data. In 
particular, there is a clear tendency in the theory to overestimate the magnitude of 
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Tabk A Loeations of maxima and minima (A-') in the liquid structure factor of the 
alkali metals near freezing. Experimental data (from van der Lug1 and Ablas 1381) are 
given in the first mw, while the resulu obtained with the CHS (or the OCP) and the NHS 
reference system are given in the semnd and third mw, mspectively. The locations of 
maxima are in the Brst three columns and those of minima in the last lwo columns. 

1st 2nd 3rd 1st 2nd 

Li 250 4.65 6.90 3.50 5.75 
2.45 4.50 6.60 3.40 5.10 
2.50 4.15 1.05 3.55 5.90 

Na 205 3.15 5.60 2.15 4.65 
2.00 3.70 5.45 2.80 4.65 
2.10 3.95 5.90 2.95 4.90 

K 1.65 295 4.45 2.25 3.15 
1.60 3.w 4.40 2.25 3.75 
1.70 Izo 4.15 2.40 3.95 

R b  150 2.80 4.20 2.10 350 
1.50 280 4.10 2.10 3.50 
1.55 295 4.40 2.20 3.10 

cs 1.40 2.60 3.85 1.90 3.25 
1.40 2M) 3.80 1.95 3.25 
1.45 275 4.10 m 3.40 

,. , , , , I ,  , , ,  ~ , ,.,!,~.~.',~'!;~,,,~~,~, ' " , i i  

q 4 

Figure 2. Liquid s t ~ c t u r e  factor of Na from the CHs and 00 reference systems (full lines) 
and from the NHS reference system (dashes), in " p r i s o n  with experiment (circles). 
(U): T = 100 'c (6): T = 200 Y! and 3W T. 

the excess entropy, irrespective of the reference system. 
The calculated structure factor of liquid Na near freezing, at the values of '7 and 

r corresponding to the absolute minimum of the free energy, is shown in figure Z(u) 
in comparison with the experimental data given by van der Lugt and Alblas [38]. 
There is a very marked improvement in the theoretical results in going from the ms 
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to the CHS reference system, and the latter is practically indistinguishable from the 
om reference system. Again, these results for Na are fully illustrative of the case for 
all the liquid alkalis. In table 4 we report the locations of the structure factor maxima 
and minima near freezing for all the alkalis as have been obtained by us with the CHS 
and NHS reference systems, in comparison with the experimental data [38]. 

3.2 Thermodynamic and srruc;umlpmperties at higher temperatures 

Figure 3 shows the contours of the free energy for liquid Na at T = 573 K. For 
this case there is a continuous drop in the free energy on going from the NHS to the 
OCP, i.e. the secondary CHS minimum has disappeared, and the only minimum lies 
at q = 0, r = 82. At intermediate temperature the absolute minimum of the free 
energy is still found to lie close to, but slightly removed from, the OCP. In table 5 the 
behaviour found for the thermodynamic functions of the liquid alkalis from Na to Cs 
with increasing temperature is illustrated. 

Table 5. location of free-energy minima in the ( q ,  T) plane for alkali melalr at 
temperatures above freezing and atomic volume Ro (from data reported by Waseda 
[39]), and corresponding values of the free energy F, the internal energy U and the 
excess entmpy s. Assumed values of 9 or I-, mrresponding to a onedimensional 
minimization along the appropriate coordinate axis, are marked with asterisks. 

TOO no 9 r -F (au) - U  (au) - s / k g  

Na 413 285.264 0' 109 0.2382 0.2258 3.32 
0.062 10.5 0.2382 0.2258 331 
0.425 0. 0.2375 0.2253 350 

573 292.388 0 82 0.2409 0.27.45 2.89 
0.411 0' 0.2401 0.2244 3.28 

K 378 534.921 0' 123 0.2023 0.1912 3.50 
0.056 116 0.2023 0.1912 3.45 
0.428 0. 0.2015 0.1906 3.56 

473 549.686 0 92 o.mo 0.1900 3.04 
0.411 0' 0.2043 

Rb 373 661.366 0' 109 0.1948 
0.062 106 0.1948 
0.425 0' 0.1942 

413 685.510 0 Eo 0.1982 
0.408 0' 0.1915 

cs 313 829.178 0' 109 0.1835 
0.061 111 0.1835 
0.4'25 0' 0.1828 

0.1898 3.31 

0.1821 3.32 
0.1822 333 
0.1817 3.50 

0.1807 3.23 

0.1697 3.31 
0.1699 3.40 
0.1693 3.50 

0.1808 2.85 

413 856.356 0 Eo 0.18R 0.1685 2.86 
0.409 0. 0.1864 0.1683 3.24 

As illustrated for Na in figure 2(b), our cHS results for the structure factor 
continue to be in very good agreement with the experimental data 1391 over the 
limited temperature range that we have explored. Again the shape of the structure 
factor is appreciably distorted when one adopts the NHS reference system. 

In summary, our results for the liquid alkalis at and above freezing fully confirm 
the appropriateness of the OCP reference system and the viewpoint that these liquid 
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E 

Flpgure 3. Fm-energy contours for liquid Na a1 T = 573 K in the (0 ,  r) plane for 
r > 20. The separaiion between neighbouring contour lines corresponds to AF = 
1 x IO-' au. 

metals are usefully looked upon as classical ionic plasmas screened by conduction 
electrons. 

4. Results for polyvalent metals 

As was reiterated in section 1, the effective ion-ion potential in polyvalent metals is 
vely sensitive to the details of the exchange and correlation factor in the electronic 
screening function. In figure 4 this sensitivity for Mg and Al in comparison with 
Na is illustrated. In particular, in the case of AI, the replacement of the ssn. 
screening function [32] by the Ichimaru-Utsumi (IU) screening function 1331 replaces 
a fairly deep attractive well in the region of the first-neighbour distance by a soft- 
repulsion hump. However, while different pair potentials lead to somewhat different 
values for the free energy, they do not affect the main features of the results in the 
search for free-energy minima in the (9, r) plane. Indeed, the structuredependent 
contribution from the ion-ion interactions is a relatively small part of the total free 
energy. We shall therefore focus first on the results obtained with the ssn-screened 
pair potentials. 

Figure 5 shows the free energy contours in the (9, r) plane for liquid Mg near 
freezing, the separation between neighbouring contour lines being A F  = 2 x au. 
We find three minima, the deepest one lying at 1) = 0, r = 160. The best reference 
system for this liquid metal, therefore, is still the OCP. A secondary CHS minimum lies 
at 17 = 0.425 and F = 30, i.e. fairly close to the NHS, which has its own minimum 
at rj = 0.432. Another secondaly minimum is found at 9 = 0.45 and r = 90. We 
discard the latter relative minimum from further consideration, on the grounds that 
such a combination of high 1) and high r (i) is leading us into a region of parameters 
where our cHS results may be not as accurate as elsewhere, and (ii) yields a severe 
overestimate for the degree of short-range order in the liquid metal, as can be seen 
from both the magnitude of the excess entropy and the peak heights in the structure 
factor. 
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Figure 4. Pair potential V(r) ,  in unim of keT versus inleratomic distance r in Na, Mg 
and AI, as calculated from W L  screening (dashes) and from Iu screening (full lines). 
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Flgure 5. Freeenergy contom for liquid Mg near freezing in the (11. r) plane for 
r 3 20. The separation between neighbouring contour lines corresponds to A F  = 
2 x lo-* au. 

For AI, the ‘spurious’ minimum (at q = 0.478 and = 218) is slightly lower 
than the others. Discarding it for the reasons just given, we find acceptable minima 
at (i) q = 0.431 and r = 0, i.e. at the NHS; (ii) q = 0 and r = 170, i.e. at 
the OCP; and (Si) q = 0.425 and r = 30. The differences in free energy between 
these minima are at the level of 1 x au, i.e. within the likely inaccuracy of our 
numerical results. 
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Tnbk 6. Location of freeenergy minima in the ('I, r) plane for polyvalent metal5 near 
freezing, determined with Sm screening, and corresponding values of the Helmholtz free 
energy F, the internal energy U and the excess entropy 3, compared vAlh experimental 
values. Assumed values of r, mrrsponding lo a onedimensional minimization along 
the 'I axis, are marked with asterisks. 

r -F (au) -Fexp (au) -U (au) -Uexp (au) - s / k B  -s,. ,/ke 
,..,, .,~.. , . 'I 

.,,, , 

0 160 0.8969 0.905 0.8719 0.879 3.98 3.45, 3.7 
0.425 30 0.8964 0.8704 3.65 
0.432 0. 0.8961 0.8700 3.h3 

a 0  160 0.9697 1.020 0.9502 Loo0 3.97 4.15, 3.68 
0.425 30 0.9694 0.9494 3.65 
0.426 0' 0.9693 0.9490 3.51 

N O  170 2.0759 2060 2.0521 2035 4.09 3.6, 3.61 
0.425 30 2.0758 2.0506 3.65 
0.431 0 2.0760 2.0507 3.60 

In 0 212 2f lm 2 w 2  1.9878 2030 4.52 4.4. 4.61 
0.425 30 1.9986 1.9852 3.65 
0.432 0' 1.9983 1.9848 3.62 

n o  160 2.0868 2.165 2.0666 2145 3.98 4.05, 4.13 
3.65 0.425 U) 20852 20643 

0.425 0' 2.0849 2.0636 3.50 
~~ 

Pb 0 160 3.5916 3.656 3.5702 3.634 3.98 4.1, 3.69 
0.425 30 3.5888 3.5667 3.65 
0.425 0' 1588.5 3.5660 3.50 

The full set of results that we have obtained for six polyvalent simple metals is 
reported in table 6 (sSTL screening and EEG) and table 7 (IU screening and EEG). 
The following observations may be made. 

(i) There is almost uniform regularity in the locations of the free energy minima, 
in contrast to the scatter of locations found in earlier calculations based on the MSA 
[U]. Our treatment of the CHS always yields a minimum at the OCP, lying in most 
cases near r = 160, as well as a minimum having Q close to the optimized 0 of 
the NHS and r close to 30. However, the differences in free energy between these 
minima, as well as the differences between these free energies and the optimized NHS 
frce energy, are extremely small. 

(ii) If one takes as literally valid all the significant digits that we have reported 
for the free energy values, the OCP minimum is the lowest in all cases except for Al. 
Indeed, the acceptable absolute minimum of the free energy for this metal lies a t  the 
NHS. We notice that our results for Al have a second and more dubious distinguishing 
feature: the calculated upper bound for the free energy lies below the measured free 
energy. 

(iii) Though the discrepancies between calculated and measured free energy are 
significantly larger than in the case of the alkalis, the agreement may still be consid- 
ered as reasonable. The ocP reference system generally yields a fairly high value for 
the excess entropy, but the scatter in the experimental data appears to be too large 
for a safe assessment of the quality of this result. 
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Tabk 7. Location of free-energy minima in the (q? r) plane for polyvalent melab near 
freezing, determined wilh lu screening, and corresponding values of the Helmholtz free 
energy F, the internal energy U and the excess entropy s, compared with experimental 
value% Assumed values of r, mrrespnding to a one-dimensional minimization along 
the 
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axis, are marked wilh asterisks. 

q r -F (au) -Fe., (au) -U (au) -Ucxp (au) - s i b  - a e x p / l ; ~  

ME 0 160 0.8816 0.905 0.8565 0.879 3.98 3.45, 3.7 - 
0.425 30 0.8815 
0.428 0' 0.8813 

Cd 0 110 0.9559 
0.422 30 0.9558 
0.425 0' 0.9558 

A l o  164 2.0632 
0.425 30 2.0634 
0.428 0 2.0636 

In 0 160 1.9887 
0.425 30 1.9879 
0.429 0' 1.9871 

n o  160 2.0815 
0.424 30 2.0793 
0.425 0' 2.0789 

Pb 0 160 3.6245 
0.425 30 3.6211 
0.425 0' 3.6205 

0.8555 
0.8550 

1.020 0.9352 
0.9357 
0.9355 

2.060 20396 
2.0383 
2.0382 

2042 1.9758 
1.9741 
1.9736 

2.165 2.ffi12 
2.0587 
20577 

3.656 3.6030 
3.5991 
3.5981 

3.65 
3.56 

1.wo 3.32 4.15, 3.68 
3.61 
3.50 

2.035 3.98 3.6. 3.61 
3.65 
3.56 

2.030 3.98 4.4. 4.61 
3.65 
3.57 

2145 3.98 4.05, 4.13 
3.64 
350 

3.634 3.98 4.1, 3.69 
3.65 
3.50 

Figure 6. Liquid s t~dure  factor of Mg near 
Preezing from the OCP reference system (full line), 
the CHS reference system (dotted line) and the 
NHS reference system (dashes), in mmparison 
wilh mperimenl (circles). 

Also from the structural point of view, it is hard to make a general statement 
about the relative merits of an ocp-like or an NHS-like viewpoint for polyvalent 
metals. Figures 6 and 7 show the calculated structure factors for liquid Mg and AI, 
respectively, in comparison with experimental data [39]. The OCP results appear to be 
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9 

Figure 7. Liquid SfNaure factor of Al near 
freezing from lhe OCP reference system (full line), 
the CHS reference syslem (dolled line) and the 
NHS reference system (dashes), in comparison 
wilh experiment (circles). 

more satisfactory for the former metal and the NHS Ones  for the latter. Calculations 
of the liquid structure factor for Cd, In, TI and Pb, that we have carried out but 
do not illustrate with additional figures, show essential competitiveness between the 
two reference systems, with perhaps a slight advantage for the NHS. The relationship 
between these structural results and the hardness of the repulsive core in each metal 
is not immediately obvious. In fact, while the core in Al is the hardest among the 
metals that we have considered, Mg is the second hardest. 

5. Summary and concluding remarks 

We have presented a very painstaking analysis of the CHS reference system in the 
context of variational calculations of the free energy for the liquid alkali metals and 
for several polyvalent simple metals. The analysis has been based on an accurate 
statistical mechanical treatment of the thermodynamic and structural properties of 
the CHS as a model fluid allowing interpolation between the NHS and the OCP. In this 
treatment we have incorporated the best available knowledge on the properties of the 
NHS fluid and have taken advantage of the fact that the OCP at strong coupling may be 
described accurately through NHs-like bridge functions. Our results [or liquid metals 
therefore represent a major improvement in accuracy relative to earlier variational 
calculations using the PY approximation for the NHS, the HNC approximation for the 
OCP or the mean spherical approximation for the CHS. 

Our results for the alkalis confin that the OCP is a very satisfactoly reference 
system. Only marginal improvement is found on replacing it by the CHs for these 
metals, and indeed the oCP becomes the variationally preferable reference system 
with increasing temperature. 

For polyvalent metals, on the other hand, the OCP and an NHs-like CHS (or, more 
simply, the NHS) are essentially competitive. From a very strict variational viewpoint, 
only for Al could we justify the NHs as a reference system, while the OCP appears to 
be preferable for Mg, Cd, In, TI and Pb. The two reference systems lead to somewhat 
different results for the excess entropy and the liquid structure factor, with the OCP 
predicting a somewhat higher degree of short-range order. Both sets of results are 
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in reasonable overall agreement with the available data. There is, therefore, no 
firm reason to discard a prforf a plasma-like vievoint for polyvalent simple metals, 
provided, of course, that the appropriate coupling strength is scaled down to values 
similar to those for monovalent metals. 
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